Abstract. The fractional laplacian is an operator appearing in several evolution models where diffusion coming from a Lévy process is present but also in the analysis of fluid interphases. We provide an extension of a pointwise inequality that plays a rôle in their study. We begin recalling two scenarios where it has been used. After stating the results, for fractional Laplace-Beltrami and Dirichlet-Neumann operators, we provide a sketch of their proofs, unravelling the underlying principle to such inequalities.
Introduction
In this exposition we shall extend to a more general framework the following remarkable pointwise inequality
valid for any convex function φ ∈ C 1 (R) and f in the Schwartz class S(R n ), where Λ = (−∆) α/2 is defined as usual through the Fourier transform as
The inequality holds also in the periodic setting and the proof provided in [5] follows directly from the representation Λ α θ(x) = c n,α R n θ(x) − θ(y) |x − y| n+α dy where c n,α > 0 together with the convexity hypothesis φ(f (x))−φ(f (y)) ≤ φ ′ (f (x))(f (x)− f (y)). Despite its apparent simplicity its validity is quite surprising given the non-local character of the involved operators. It had also found several interesting applications to non-lineal non-local evolution problems. Let us describe briefly two of them.
1.1. Transport equations. Suppose that we are confronted in R n or T n with the following initial value problem
where the velocity vector u is divergence-free and κ > 0 is the viscosity coefficient. Then the pointwise inequality 1.1 is crucial to obtain the following maximum principle (see [4] for details):
An important case of this is the surface quasi-geostrophic equation in which case the velocity field of the active scalar θ is given in terms of the Riesz transforms as u = (−R 2 θ, R 1 θ). In [4] the pointwise inequality was used to prove that the system above has solution valid in all time t > 0 for any initial datum θ 0 in the Sobolev space
. It also appears, for example, in [7] where regularity results for critical diffusion (α = 1) are settled.
1.2. Interface evolution. In the theory of water waves or the Muskat and Hele-Shaw flows inside a porous media the inequality 1.1 had played a rôle in the study of the evolution of the free boundary between the fluids. In both cases there is a curve (in the plane R 2 ) or a surface (in the space R 3 ) whose time evolution has to be controlled. From the fundamental laws (Bernoulli's law for water waves; Darcy's law for porous media) one can asign a velocity field to the moving boundary, obtaining a closed system of rather complicated differential equations.
However, it was early discovered that with such generality the problem is not wellpossed. In the case of porous media first Rayleigh, and later Taylor, observed that the linearized problem was unstable if a certain quantity σ becomes negative. Therefore, to have a consistent theory one needs to control the evolution of σ, assuming only its positivity at the initial time.
Choosing and adequate (isothermal) parametrization of the free boundary ψ : R n → R n+1 (where n = 1, 2) one is lead to estimate the evolution of the Sobolev norms
It turns out that after certain algebraic manipulations the task is finally reduced to the following estimate:
for some positive power p. Then 1.1 together with the positivity of the Rayleigh-Taylor term σ allows us to dispose of the only dangerous term in the above inequality so as to conclude a well-posedness result. Details might be found in [6] .
Statement of results
The two applications so far considered correspond to models which are both isotropic and homogeneous. However, when those hypothesis are not satisfied it becomes convenient to extend the validity of the pointwise inequality 1.1. Here we will consider two such extensions, namely to the case of a compact Riemannian manifold (M, g) as well as to the Dirichlet-Neumann operator D on domains Ω ⊆ R n . The conection with the latter class of operator resides in the well-known fact that D in the upper halfspace in R n+1 coincides precisely with (−∆) 1 2 in R n as a simple calculation using Fourier analysis shows.
Let us introduce some notation first, if we denote the metric on M by |x| 2 g = j,k g jk (x)dx j dx k recall that the Laplace-Beltrami operator associated with it is given by
where (g jk ) = (g jk ) −1 and dx denotes the associated volume form as usual. Then the eigenvalues of −∆ g are non-negative, numerable and one can find a basis given by the corresponding eigenfunctions {φ k }. The fractional powers Λ α g of −∆ g , 0 ≤ α ≤ 2 can be described spectrally as the linear operator that satisfies Λ α g φ k = λ α/2 k φ k for any k. Now we can state the first result Theorem 2.1. Given α ∈ (0, 2] and a convex function φ ∈ C 1 (R) the following pointwise inequality holds
Given a domain Ω ⊆ R n with smooth (C 2 ) boundary one may consider the DirichletNeumann operator D acting on smooth functions f in the boundary ∂Ω. The result reads as follows Theorem 2.2. The following pointwise inequality holds 1 2m
for any positive integer m ≥ 1.
Proof of theorem 2.1
Let us consider the following initial value problems
The solutions admit representations
respectively, where the kernel is given by
Observe that our searched inequality will be an inmediate consequence of the following estimate ∂ ∂t v(x, t) − φ(u(x, t)) t=0 ≥ 0 since (v − φ(u))| t=0 = 0 it is enough to show that v(x, t) − φ(u(x, t)) ≥ 0 for any x ∈ M and t > 0. But this is a consequence of the positivity nature of the fractional heat kernels G α (x, y, t) ≥ 0, M G α (x, y, t)dy = 1 and applying Jensen's inequality together with the convexity hypothesis about φ one gets the desired inequality
To close our argument let us mention that the positivity of G α has been considered among others by S. Bochner (see [1] ; cf. [2] , [3] ) using the so-called subordination principle. For the sake of completeness we sketch in the following the main lines of its proof.
The first step consists in proving a maximum principle. Suppose that a continuous function f in M is the initial data for the heat equation
From which one concludes u(·, t) L 2m ≤ f L 2m for any m ≥ 1, taking limits as m tends to infinity we obtain
From this estimate we can deduce that G 2 (x, y, t) ≥ 0 by the following argument: assume G 2 (x 0 , y 0 , t 0 ) < 0 the, since M G 2 (x, , t)dy = 1 there would be an open set U ⊆ M where
Let ψ be a smooth bump function supported in U such that 0 ≤ ψ ≤ 1 and such that it approximates the indicator function of U in such a way that M ψ(y)G 2 (x 0 , y, t 0 )dy > 1 which contradicts the aforementioned maximum principle. Now we are in position to extend the positivity of the kernel to the rest of values α ∈ (0, 2) for which we will use 3.1 and invoke the Hausdorff-Bernstein-Widder theorem that characterizes representability of functions as a Laplace-Stieltjes transform that assures
where γ α is a non-decreasing monotone function. Using this and 3.1 one is tempted to inmediately write
from which the positivity of the fractional heat kernel G α would follow. To make this a rigorous argument one needs to control the L ∞ -norm of the eigenfnctions of −∆ g in terms of the corresponding eigenvalues (any polynomial growth would be enough; cf. [8] ) and use Weyl's law. For our purposes the particular case
together with the positivity of (−∆ g ) −1 , the Sobolev embedding theorem and interpola- in Ω w = 0 in ∂Ω that is, the subharmonic function w must be non-positive in Ω since it vanishes at ∂Ω. Consequently, Hopf's lemma implies that ∂ ∂ν w(x) > 0 for any x ∈ ∂Ω where ν is the exterior normal to the domain Ω. But this is exactly the desired inequality.
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